Abstract. Hepatitis B virus (HBV) infection is endemic in many parts of the world. One of the characteristics of HBV transmission is the age structure of the host population. In this paper, we propose an age-structured model for the transmission dynamics of HBV. The host population is stratified by age and is divided into six subclasses: susceptible, latently infected, acutely infectious, carrier, recovered, and vaccinated individuals. By determining the basic reproduction number, we study the existence and stability of the disease-free and endemic steady state solutions of the model. Numerical simulations are performed to find optimal strategies for controlling the transmission of HBV.
Fig. 1. Flowchart of HBV transmission in a population.
ables and model structure are described in Figure 1 .
The age-structured model for the transmission of HBV is described by the following system of partial differential equations: (2.1)
(a)ω(N (a, t) − νC(a, t)) + ψV (a, t) − (μ(a) + λ(a, t) + p(a, t))S(a, t),
∂L ∂a + ∂L ∂t = λ
(a, t)S(a, t) − (μ(a) + σ)L(a, t),
∂I ∂a + ∂I ∂t = σL(a, t) − (μ(a) + γ1)I(a, t),
(a)ωνC(a, t) + q(a)γ1I(a, t) − (μ(a) + μ1(a) + γ2(a))C(a, t),
∂R ∂a + ∂R ∂t = γ2
(a)C(a, t) + (1 − q(a))γ1I(a, t) − μ(a)R(a, t),
∂V ∂a + ∂V ∂t = b
(a)(1 − ω)N (a, t) + p(a, t)S(a, t) − (ψ + μ(a))V (a, t),
with initial and boundary conditions 
b(a)ω[S(a, t) + L(a, t) + I(a, t) + R(a, t) + V (a, t) + (1 − ν)C(a, t)]da, C(0, t) =
a
b(a)(1 − ω)[S(a, t) + L(a, t) + I(a, t) + C(a, t) + R(a, t) + V (a, t)]da, L(0, t) = I(0, t) = R(0, t) = 0,

S(a, 0) = S0(a), L(a, 0) = L0(a), I(a, 0) = I0(a), C(a,
0
β(a, a ) I(a , t) + C(a , t) N (a , t) da ,
a + > 0 is the maximum age of an individual, and the interval (a 1 , a 2 ) represents the female fertile period. Then we obtain the following equations for the total population N (a, t): The parameters are described as follows: b(a) -birth rate μ(a) -natural mortality rate μ 1 (a) -HBV-related mortality rate β(a, a ) -probability that an infective individual of age a will have contact with and successfully infect a susceptible individual of age a -reduced transmission rate from chronic carriers compared to acute infections σ -rate moving from latent to acute γ 1 -rate moving from acute to carrier γ 2 (a) -rate moving from carrier to vaccinated p(a, t) -vaccination rate against HBV (1 − ω) -proportion of births with successful vaccination q(a) -probability an individual fails to clear an acute infection and develops to carrier state ψ -rate of waning vaccine-induced immunity ν -proportion of perinatally infected (from carrier mothers). Let
Let k(a) be the age-specific (average) probability of becoming infected through contact with infectious individuals, and letβ(a ) be the age-specific per-capita contact/ activity rate. Following the discussion of infection coefficients in Anderson and May [1] , we make the following assumption. Assumption 2.1. Assume that
Under the above assumption, system (2.1) can be normalized as the following system: (2.5)
with boundary conditions
In the following, we consider system (2.5) with initial conditions
Existence of positive solutions. Since r(a, t) can be obtained by
it suffices to discuss the system in terms of only s(a, t), (a, t), x(a, t), c(a, t), and v(a, t). Since in a short period of time the change of p is small, we assume that the vaccination rate p(a, t) = p(a) depends only on the age a. Thus, we obtain the following system:
Consider the Banach space
endowed with the norm
where · is the norm of L 1 (0, a + ). The state space of system (3.1) is
where
and the domain D(A) is given as
where AC[0, a + ) denotes the set of absolutely continuous functions on [0, a + ). We also define a nonlinear operator F : X → X by
where Q is a bounded linear operator on
Let u(t) = (s(·, t), (·, t), x(·, t), c(·, t), v(·, t)).
Thus, we can rewrite the system as an abstract Cauchy problem 
The disease-free steady state. A steady state (s(a), (a), x(a), c(a), v(a)
) of system (3.1) must satisfy the following time-independent system of ordinary differential equations:
with initial value conditions
Therefore, we obtain the disease-free steady state
To study the stability of the disease-free steady state E 0 , we denote the perturbations bys(a, t),¯ (a, t),x(a, t),c(a, t),v(a, t), respectively. The perturbations satisfy the following equations:
(a)(x(a, t) + c(a, t))da. Now, we consider the exponential solutions of system (4.2) of the form
wheres(a),¯ (a),x(a),c(a),v(a), and the growth exponent satisfy the following equations:
From the equations of (4.3), we obtain that
Since the perinatal infection is about 11% of carrier mothers (Edmunds, Medley, and Nokes [7] ), which is much smaller than the proportion of all infected individuals, in the rest of the discussion we make the following assumption.
Assumption 4.1. Assume that ν = 0; i.e., we ignore the proportion of those perinatally infected from carrier mothers.
Define
Substituting (4.4) into (4.5), we have
Under Assumption 4.1, we substitute (4.7) into (4.6) and obtain that
We further substitute (4.7) and (4.8) into the expression of λ and have that
which yields the characteristic equation
Denote the right-hand side of (4.9) byF ( ). We define the basic reproduction number (Diekmann, Heesterbeek, and Metz [6] ) as R 0 =F (0), or explicitly as
We have the following result on the local stability of the disease-free steady state. Proof. The functionF ( ) is a decreasing and continuous function of which approaches ∞ when → −∞ and zero when → ∞. Therefore, the characteristic equation (4.9) has a unique real solution * . IfF (0) < 1, or, equivalently, R 0 < 1, then the real solution ofF ( ) = 1 satisfies * < 0 and the unique real eigenvalue is negative.
Furthermore, we consider other solutions of (4.9). Let = α + γi. Since Re e ≤ e Re , from (4.9) we know that ReF ( ) = 1, ImF ( ) = 0, and 1 ≤F (Re ).
We immediately obtain that Re ≤ * sinceF ( ) is a decreasing function of . That is, all complex solutions of (4.9) have real parts smaller than * , and therefore are negative. Hence, the disease-free steady state is locally asymptotically stable if R 0 > 1. On the other hand, ifF (0) > 1, or, equivalently, R 0 > 1, the unique real solution of (4.9) is positive, and the disease-free steady state is unstable.
Disease-endemic steady states.
In this section, we discuss the existence and stability of the disease-endemic steady states under Assumption 4.1. Though many people die from HBV-related diseases every year, the number of deaths directly related to HBV is small. For example, the reported mortality rate of HBV in China was 0.0464% in January 2009 (see [24] ). Based on this observation, we make the following additional assumption.
Assumption 5.1. Assume that μ 1 (a) = 0; i.e., we ignore deaths directly related to HBV.
We have the following result on the existence of the disease-endemic steady state. 
Substituting (5.5) into (5.1), we obtain
where 
which together with (5.4) implies
Substituting the expressions of x * (a) and c * (a) into the expression of Λ * and canceling Λ * , we get
Denote the right-hand side of (5.7) 
The right-hand side of (5.8) (a)da) and a diseaseendemic steady state exists.
To consider the linear stability of the disease-endemic steady state, letŝ(a, t), (a, t),x(a, t),ĉ(a, t), andv(a, t) be the perturbations of s * (a), * (a), x * (a), c * (a), and v * (a), respectively. Consider the exponential solutions of the system for the perturbationsŝ
We have (5.9)
with the initial conditions 
with the initial conditions
Then the solution of (5.10) satisfies the equation
Denote the right-hand side of (5.11) byH( ). Then it satisfies the following proposition.
Proposition 5.3. (1)H( ) is a decreasing function of , which tends to zero as
Proof. From (5.10), we have
Substituting (5.14) into (5.15) and using the expression ofH( ), we get
From (5.11) we have x(a) + c(a) > 0, which implies that (a) > 0. Therefore, from (5.17) we know thatH( ) decreases exponentially in andH( ) approaches 0 as tends to infinity.
Substituting (5.13) into (5.17) and taking = 0, we havē 
which has a solution Consequently,H( ) = 1 has a unique real solution which is negative, and all complex solutions have real parts smaller than the unique real solution. Therefore, we obtain the following result on the stability of the disease-endemic steady state. 6. Numerical simulations. Since hepatitis B infection is most endemic in China and the model is based on our previous study on HBV transmission dynamics in China, our numerical simulations are based on some main parameters used or derived in Zhao, Xu, and Lu [31] and Zou, Zhang, and Ruan [32] for HBV infection in China.
We first have the parameter λ(a, 0) given by λ(a, 0) = 0.13074116 − 0.01362531a + 0.00046463a 2 − 0.00000489a
The probability q(a) that an individual fails to clear an acute infection and develops to carrier state is (6.2) q(a) = 0.176501 exp(−0.787711a) + 0.02116.
The remaining parameters are given in Table 1 . transmission dynamics of HBV; see Edmunds et al. [9] , McLean and Blumberg [21] , Zhao, Xu, and Lu [31] , etc. Some of these models have also been used to evaluate the effectiveness of the vaccination program in newborns in some countries. For example, Zhao, Xu, and Lu [31] used an age-structured model to predict the transmission dynamics of HBV and to evaluate the long-term effectiveness of the vaccination program in China. Their results suggest that HBV infection in China can be controlled in just one generation and eventually eliminated if all infants are immunized throughout the country, especially in poor rural areas. However, achieving such a high vaccination rate for infants in countries such as China is almost impossible. In fact, despite an effective national vaccination program for newborn babies since the 1990s, which has reduced chronic HBV infection in children, the incidence of hepatitis B in China is still increasing (Zou, Zhang, and Ruan [32] ).
Mass vaccination in infants increases the average age of infection in unimmunized individuals and shifts the average age at infection to older age groups (Edmunds, Medley, and Nokes [7] ). This indicates that mass vaccination in infants might be not enough to control the infection and eradicate the virus. Different immunization programs can be evaluated by considering the prevalence of carriers after the implementation of immunization. The specific character of HBV infection in China is that there is a large number of HBV carriers. In a previous study (Zou, Zhang, and Ruan [32] ), we developed an ordinary differential equations model to study the transmission dynamics and control of HBV in mainland China, taking into account the character of the virus infection in the country. Based on our previous work [32] , in this article we proposed an age-structured model for the transmission of HBV. We studied the existence and stability of the disease-free and disease-endemic steady states in terms of the basic reproduction number. The analytical results and numeri-
